Abstract: This article presents a novel bistable structural element that has high stiffness in stable configurations, but requires only a small amount of energy to be switched from one configuration to the other. The element is based on a planar linkage of four bars connected by revolute joints, braced by tape-spring diagonals. A description of the concept is presented, along with a detailed theoretical analysis of its mechanical behaviour. Experimental measurements obtained from a prototype structure are found to be in very good agreement with the predictions from this analytical model.
INTRODUCTION AND BACKGROUND
Most structures are intended to be operational only in the shape in which they are constructed, but there is also a category of structures -often described as reconfigurable or adaptive -that are required to change their configuration during normal use. Reconfigurable structures surround us in our everyday lives; examples include robotic manipulators, desk lamps, and so on.
An important class of structures with a variable configuration, known as variable geometry trusses (VGTs), has been extensively investigated in the context of crane-like manipulators to build large space stations or exploration vehicles in orbit [1] [2] [3] [4] . A VGT is a three-dimensional assembly of struts connected by spherical joints. Its configuration is uniquely determined by the length of the struts, through the choice of kinematically determinate architectures. Also, statically determinate architectures are adopted in order to ensure that any change in the length of the struts is accommodated purely by a change in the geometry, without inducing internal stresses in the structure. In other words, the structure does not fight against the imposed change in the length of the strut [5] . A simple two-dimensional example with a single * Fig. 1 ; a structure with n bistable elements has 2 n unique configurations [6] . In the late 1960s, a new type of reconfigurable structure was proposed by Leifer and Scheinman, who were developing working models for the Stanford Artificial Intelligence Project. The concept, first published by Pieper in 1968 [7] , envisaged manipulator joints with a finite number of discrete configurations. The argument for reducing the freedom of motion of the joints was that it would be much easier to integrate the manipulator with the digital computers that would control it. This approach was later extended to complex structures, such as VGTs, by Chirikjian and co-workers [8] [9] [10] , using pneumatic actuators as structural elements capable of adopting two different lengths. Extensive studies of the kinematics, both direct and inverse, of structures containing elements that can adopt only a number of discrete configurations have been published [8, [10] [11] [12] [13] . However, little work has been done on the components from which such structures may be manufactured. Also, there are still no mature actuator technologies that can be readily integrated into such components.
The research presented in this article was motivated by the need to provide bistable structural elements that may be coupled with the electrostrictive polymer artificial muscles actuators that have been developed in the Field and Space Robotics Laboratory at MIT [11, 12] .
This article presents a novel bistable structural element that provides high stiffness in both stable states, but requires only a small amount of energy to be switched from one stable configuration to the other. This novel element is based on a planar linkage of four bars connected by revolute joints, braced by tape-spring diagonals. A detailed description of the concept, of which two prototypes have been made, will be presented along with a theoretical analysis and experimental results obtained from one of the prototypes. The coupling between structural elements and actuators has been investigated elsewhere [14] . The layout of the article is as follows. The next section describes the proposed bistable structural element. Section 3 presents a general analysis of the force versus length relationship of this element. Section 4 describes detailed predictions for a specific design of the element. A methodology for the design of bistable elements is proposed in section 5. A parametric design study is carried out for one particular type of tape spring element that are commercially available and choosing the minimal number of tape springs. Section 6 concludes the paper.
CONCEPT DESCRIPTION
The structural element is shown in Figs 2 and 3. It consists of four bars of equal length, connected by revolute joints with parallel axes, and two tape springs [15] , connecting pairs of diagonally opposite joints of the four-bar mechanism. A tape spring is a thin cylindrical shell whose cross-section forms a circular arc of The geometry of the linkage makes it impossible for both tape springs to be straight (unbuckled) at the same time. When a tape spring is buckled, it exerts a relatively small force on the four-bar linkage. This force is considerably lower than that required to buckle the other, straight tape spring. As a result, the element is stable and stiff when one tape spring or the other is straight. The element has relatively low stiffness when both tape springs are buckled.
The angles between the tape springs and the plane of the linkage are denoted by φ a and φ b ; the semiangles between the bars of the linkage are denoted by θ a and θ b .
ANALYSIS
This structure can be analysed in three steps. The first step considers a single tape spring in a buckled state. The second step considers a tape spring in a nonbuckled state. The final step combines the results of the first two steps with the geometry of the linkage to obtain the overall force-displacement relationship of the structure.
Step 1: Forces applied by a buckled tape spring. The bending moment in the uniform radius elastic fold at the centre of a buckled tape spring remains constant over a wide range of end rotations [15, 16] . Depending on whether the buckling of the tape spring involves bending in the sense opposite to that of the crosssection, in which case the longitudinal edges are in tension, or in the same sense as the cross-section, in which case the longitudinal edges are in compression, the magnitudes of the respective moments are
where
where α is the angle subtended by the cross-section of the tape spring and t its thickness. E and ν are the Young's modulus and Poisson's ratio, respectively. Once M * + and M * − are known, it is possible to calculate the forces exerted by each tape spring on the four-bar linkage. Figure 4 shows the geometry of tape spring a when it is in a buckled state. Knowing the moment exerted by the tape spring, M * + or M * − , the length of the tape spring, S a , and the longitudinal Fig. 4 Side view of tape spring a in the buckled configuration radius of curvature of the elastic fold region of the tape spring, R, the force F a is given by
Similarly, for tape spring b
Note that the longitudinal radius of the elastic fold, R, in an isotropic tape spring is equal to the radius of the cross-section, r, [16] , therefore
Step 2: Critical load of the unbuckled tape spring. Here the analysis given in reference [17] is followed. If the tape spring is long, the critical value of the axial force (i.e. the axial load at which the tape spring buckles), F cr , can be predicted using the Euler buckling formula
where S is either S a or S b and I is the (minor) second moment of area of the cross-section of the tape spring.
However, this formula does not produce accurate predictions for the relatively short lengths of the tape spring which are of interest in this study. This is because the critical load is governed by the local buckling of the shell rather than the global buckling of the tape spring.
A more accurate analysis, shown next, takes this into account by considering the critical stress at points 1 and 2 of the tape spring, as shown in Fig. 5 . The tape spring consists of two flat edge regions surrounding a central cylindrical region (for more details, see Fig. 8 ); hence, point 1 lies on the edge of a flat plate, whereas point 2 lies in a cylindrical panel. Therefore, the critical stress at each point is calculated as follows.
Point 1:
Here, the tape spring is flat. Reference [18] gives the following expression for the critical stress in 
where k is a constant that depends on the boundary conditions (Fig. 9 ).
Point 2:
Here, the tape spring can be considered as a cylindrical panel. The buckling load for a cylindrical panel is given by Timoshenko and Gere [19] σ cr2 = 0.6 Et r
Having determined the critical stresses at points 1 and 2, the actual stresses at those points for a given load should be calculated. In general, the stress at any point in an eccentrically loaded beam can be found from
where y is the distance of the point of interest from the centroid and w is the eccentricity of the load from the centroid, as shown in Fig. 6 . The deflected shape of the tape spring also needs to be taken into account. The central deflection w of an eccentrically loaded strut, as shown in Fig. 6 , is given in reference [20] w = e sec π 2
where e is the offset of the loading point from the centroid in the unloaded configuration. Whether the critical stress is first reached at point 1 or point 2 depends on the value of e. The calculation is analogous for the two points; therefore, details are provided for one case only. Calculating F cr for point 2 involves combining equations (9) and (10); this gives
As σ cr2 is given by equation (8), the only unknown in this equation is F cr .
Fig. 6 Definition of eccentricity w

Fig. 7 Free body diagram for four-bar linkage
Step 3: Combination of results. Each of the two tape springs is connected to the four-bar linkage; a free body diagram is shown in Fig. 7 .
Once the characteristics of the individual tape springs have been established, it is possible to calculate P by analysing the free body diagram shown in Fig. 7 . The outcome is
Using equation (12), one can predict the variation of P with L b . In the configurations where the tape springs are buckled, F a and F b are given by equations (3) and (4), respectively. When loaded in tension, the tape springs can be assumed to behave as linear-elastic axial elements.
RESULTS
The dimensions of the first prototype are listed in Table 1 . The tape springs (Fig. 3) were cut from 'contractor grade' tape-measures supplied by Sears Roebuck and Co. Their cross-sectional shape and dimensions are given in Fig. 8 . Note that only the central part is curved and the edges are flat. The second Values of k for flat plates subject to different boundary conditions (c, clamped; f , free; ss, simply supported), from reference [18] moment of area about the minor axis is I = 4.67 mm 4 and the cross-sectional area is A = 2.55 mm 2 [17] . Two different values of k have been considered: 1.25 and 0.5 (Fig. 9) . The smallest value for b is the width of the flat edge of the cross-section, 6 mm, and the maximum value is half the arc-length, 12.7 mm. The flat edge has a simply supported edge and therefore k = 0.5, whereas, by symmetry the half arc-length can be assumed to be clamped and hence k = 1.25. Substituting these values into equation (7) gives a minimum value of σ cr1 = 14.7 N/mm 2 and a maximum value of σ cr1 = 26.4 N/mm 2 . The value of 26.4 N/mm 2 is in good agreement with the experimental data and was therefore used.
Substituting the values of t and r for the tape spring, equation (8) gives σ cr2 = 840 N/mm 2 . Substituting this value into equation (11) gives This equation has been solved numerically using MATLAB. The same method was also used to calculate the load that causes critical buckling at point 1.
These two values of F cr are then compared with the Euler buckling load and the lowest value is taken. F cr was found to be 14.3 N. Figure 10 shows the numerical predictions along with the experimental results. Note that the experimental results have been adjusted to take the self weight of the structure into account.
As can be seen in Fig. 10 , the theoretical results match the experimental ones quite well. The exception is in the regions just after one of the tape springs has buckled. Here, only one side of the tape spring has buckled, and the tape spring is, therefore, in a transitional stage between being unbuckled and fully buckled. What is accurately modelled is the peak values and the very low stiffness in between the peak values.
PARAMETRIC DESIGN STUDY
Having developed a theoretical model for the forcedisplacement characteristics of the bistable structural element, the model can be used to formulate a design methodology. Typically, the design requirements will , and L min b . The design variables in the structure include the material used for the tape springs, their cross-sectional areas, A a and A b , and their second moment of areas, I a and I b ; in addition, the number of tape springs that connect opposite corners of the linkage, n a and n b , could be greater than one (forming a set of overlapping tape springs connected only at the ends) to achieve a greater force output. Also, the initial offsets of the tape springs, e a and e b , can be varied, as can the length of the tape springs, S a and S b , and the length of the bars, B. Given the large number of variables (11) and the number of user-defined parameters (4), it is not possible to set up a sufficient number of equations to determine the values of all the variables by solving a set of constraint equations.
In order to simplify matters, the following assumptions were made. The values of A and I were set equal to the values of the 1" Sears carpenter's tape. B was set arbitrarily equal to (
. Finally, n a and n b were set to the minimum value possible in order to achieve the required forces. With these additional constraints, it is possible to calculate e a , e b , S a , S b , n a , and n b for given values of
, and L min b . Finally, the variation of P max and P min with e a and e b was calculated. Figure 11 shows the results for the case S a = S b = 372 mm.
As can be seen from Fig. 11 , it is possible to achieve specified values of P max and P min quite accurately by varying e a and e b . If a high value of P is required, a positive value of e should be used. If the desired value of F is too low for an acceptably low (positive) value of e to be used, a negative value of e should be used instead. In practice, having a positive value of e would require that the tape spring be turned around in the structure in order to ensure that the two tape springs do not interfere with each other. 
DISCUSSION AND CONCLUSION
The bistable structural element proposed in this article has been modelled with good accuracy. The main discrepancies can be attributed to friction in the hinges, imperfections in the tape springs, and inaccuracies in the values of e a and e b .
A key advantage of the proposed concept is that its structural members carry loads mainly in compression or tension, thus minimizing bending effects. This feature makes the proposed design structurally efficient.
Two potential disadvantages of the particular implementation shown in Fig. 3 are that it requires mechanical hinges and that the tape springs buckle out of the plane of the linkage, which increases the potential for interference with other structural members.
The hinges can be replaced with 'living hinges' made out of thin polymer elements [21, 22] ; these hinges are commonly found in consumer plastic goods. Figure 12 shows a second prototype of the proposed bistable 
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